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wrapped Cauchy 1A D & 5 B EREBN D 2 ABOHWBTEREINDS XS5 B omicEs
5 EM 703V X LDHHMRRIAICONWTE X 5. %7z, sine-skewed circular distributions &
FRIOBER OB RFHE D EEE 2, 22U 284 EM 713V X LB DHAT
WL XL, FNLDERBEEETFTNLICONVWTS EM 71TV X 6% 52 5. RIZICERD
T=RERAWTREINZEM 7LV ALICEE 87 X=X HEDHE 52 5.

1 Introduction
BEP OB ME D & U CHERE R
F0) =1+ Asin0)fo(0), —-m<0<m (1)

THZ 5415 sine-skewed circular distributions 231541 T3 (Abe & Pewsey (2011)). T 2T,
Fo(0) 1 0 = 0 D D TR I D6 ORERBEBCH D, 85 X—& A€ [-1,1]) ZEA%
RINTGXA—=RTH5.

7 (1) 1%, EEONMZFE ST AOEMIMEZRIEEE LTWD Z 8, =ME—X ¥ FHILD
MDA fo DZAE—XAVPEHWTEZS 223 TE 3 Z ¥, von Mises 737f, cardioid 4717,
wrapped Cauchy i Z 15 ZFiR72 58 £ L TET Jones Pewsey 778 LT b Bl D
MM CEBZE BALBEVWHELD . ZO0MmDILKRE LT, Miyata, Shiohama & Abe
(submitted) (3BENIHZ X — X BIELTE Z#2 2 72 extended sine-skewed circular distributions %2
RLTWs. ZhoBEHUOENMHE MDD 5 —77, 7— X half distribution & 72 %45
BN =1 DL ETHLUTIIEDRE RS, LWSEEND B, ZAUSHIET 3720, 5,
Azzalini & Capitanio (1999, 2003) DA TH %, RDMWERELKREL »E X 5.

Theorem 1. HERZEE O HIXIFRD A0 DFERZE LRI fo 215, MERE U B—Fk21 U(0,1)
WKHED T 5. %72, G oMo mERE U, Bt 3FEHRTHh2 35, 2ok %,

O if U<GHD))

© = sgn(G((®)) —U)® = {q; if U>G(t(®))

YFBY, £(0) =2GH0) fo(0) L5,



Proof.

PO <60)=P(©<0,U<G{t®))+P(O<0,U>GHP)))

=P(@®<0,U<GP)+P(®>-0,U>G(tP)))

0 T
- / P(U < G(t(6))) fo(#)dd + / P> G) folé)ds

0 T
_ / Glt(e) foloydo+ | (1= Gt) fo(o)ds

XoT,

10 = 3P0 <0

= G(t(0) fo(0) + (1 = G(t(=0))) fo((=0))
= 2G((0)) fo(0)

O

CDOEBITHBNTHEEt & MBI G T34 BV T35 5. sine-skewed circular distri-
butions 1& G Z—kk73 U(0,1) & L, t(-) = Asin(-) (|A| < 1) &F 5, £7210F, G ZHE kI
U(—m,m) & L, t(-) =mAsin(-) (A <1) & T[S 5. sine-skewed circular distributions T
XA < 10l 2 DT, ZOflFIE L DILL T 572012, B G % Cauchy 5311 D53 i BIEL
L7z

£(6) =2 (; + L arctan(Asin 9)) £o(6) 2)
T
BEZD. ZIZT, A€ (—00,00) TH 5. ZD51ld Cauchy 9% AWTEMIMEL TV 2729,
Cauchy sine-skewed circular distributions (CaSSCD) & FERZ 129 5. FFIZ, base density A3
JA—Hafmo L &,

1

1
fo) = or + —5 arctan(Asin 0)

72D, cardioid 7340 & 3R D E—ER 3 OBEN DA DB, A — oo D ¥ &, half distribution
WZJFAE T 5. sine-skewed circular distributions Tl skew parameter A\ DN -1 <A <1TdH
D, FeRITE>TEABT A — RER DA THFE SN2 2 LHB 255, pdf (2) BHOH T
TIEZD X 5 R MEIFAET RV,

sine-skewed von Mises 7711, sine-skewed wrapped Cauchy 771fi & pdf (2) I8 T base density
fo(0) % von Mises 774 D pdf

1

fou(0) = g e’ fel-mm), 3)
% 7213 wrapped Cauchy 734 ® pdf
1 1-—
fwel) = it 0 €l-m,m) (4)

27r1—1—p0—2p00080
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(a) Sine-skewed von Mises densities (SSVM) (b) Cauchy sine-skewed von Mises densities
with kK = 1 for A = 0 (dotted), A = 0.5 (CaSSVM) with k = 1 for A = 0 (dotted),
(dashed) and A =1 (solid). A =5 (dashed) and A = 10 (solid).
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(¢) Sine-skewed wrapped Cauchy densities (d) Cauchy sine-skewed wrapped Cauchy
(SSWC) with pg = 0.45 for A = 0 (dotted), densities (CaSSWC) with po = 0.45 for A =0
A = 0.5 (dashed) and A =1 (solid). (dotted), A = 5 (dashed) and A = 10 (solid).

1: Density functions for the sine-skewed von Mises (SSVM), Cauchy sine-skewed von Mises
(CaSSVM), sine-skewed wrapped Cauchy (SSWC) and Cauchy sine-skewed wrapped Cauchy

(CaSSWC) densities.



ELA BOHBZRK1ITRS. 22T, ke (0,00), po € (0,1) THB. fENRTRA—K € [—m, )
F0—0—pu& L TEATES.

pdf (2) 2R LT, circular skewness & circular kurtosis (see, e.g., Jammalamadaka & SenGupta,
2001; Mardia & Jupp, 1999) % X %: sine-skewed circular distributions & [Akk, (2) @ Cauchy
sine-skewed circular distributions @ cosine &— X > + % base density fy(6) @ cosine E— X ¥ b
EEFELLLS. Thbb, p=+1,42,.. THLT, arp = EffcospB] = g, THS. ZI°T,
Qo,p EXTFRL base density fo @ p XD cosine E—X ¥ F TH 5. Cauchy sine-skewed circular
distributions @ sine E— X ¥ b

Brp = Ef[sinpO] = 2/ sin pf arctan(A sin 6) fo(6)d6
T

-

FEMERIZRD 2 Z 21T 5.
p RDEFERAR T PR E p ROV HENL, TR FN,

Pp = \/Ma pp = arg{aop +iBxp}-

R, p=p = \/ag, +ﬂ§,1\/(P— VPR =124 05, THY, p=pm = arg{ag1 +ifr1} L&

5. circular variance & circular standard deviation (&

V:l—p:l—‘/CMQ,lz—l-,Bil,

o= {-2log(1 - V)}'/? = [~ log{ad + A3, }]"/%.

WEhE5x6hs. FEIHE uEADD2RKD cosine E—X > b ¥ sine E—X Y FTH?B ay =
E{cos2(0 — p)} & B2 = E{sin2(0 — p)}, &

ag = E{cos2(0 — p)} = E(cos 20) cos 2u + E(sin 20) sin 2
= E(cos 20)(cos? i1 — sin? i) + 2E(sin 20) cos sin p

2 2
51— Bxa 0,181
=25 +20\2——5
P1 P1
ap2(ag, — 5}2\,1) + 2000,181,187,2

a0,12 + /Bil

By = E{sin2(0 — p)} = E(sin 20)(cos?  — sin® y1) — 2E(cos 20) cos usin p1
B Baz(ad, — 5;,1) — 200,200,181
ao1? + Bil

TH D, circular skewness & kurtosis 1% v; = f2/V3/2 & 49 = (ag — p*)/V2 TH D,

Brz(agy — B3 1) — 200,200,181

M=
(1-— M)3/2(00,12 + ﬁil)




apa(agy — B3 ,) + 200,180 1852 (01> + B2 )
— (@o,1
ap1? + B3, M
Yo = 5
(1= \Jao + 3,2
aop(ag s — B%1) +2a018018x2 — (a01® + B3 )

20k

20F

10}

-10}

(1= Jaoa® + B3,)%(00.4% + 53 )

WEDEZ6NE. K2TlEy & p OFEHENEZSZTW5.

(a) v1 for CaSSVM
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2: Contour plots of the skewness and kurtosis measures for the Cauchy sine-skewed von Mises
(CaSSVM) and Cauchy sine-skewed wrapped Cauchy (CaSSWC) distributions.

MBI R D87 X — ZIEEITBWT, #H von Mises 7 D X 5 ICHRICHEE LB TH 2

LN B5E

EFET, ZOMOMEA DI OWTILES, BUEFTE 7 L3V X LIS X5 215720,

Cauchy 731 @ circular iR T % wrapped Cauchy DA DRAHEED7=DHD 73V X L1 Kent
& Tyler (1988) THZTWB—J1, Z DDA OHEE 7 LTV R LZONTIZS E D HIFED
TR TWVWARWY. KFXTIE, Abe (submitted) D7 4 7 4 7 %M L, wrapped Cauchy 77D &
I, BEBIRD W CTRIATZ 2 K5 &M T 2 EM 713V X LADHFIRER ZE 2 T\

. ¥7, ZOEMPMEE LT pdf (2) IZHWT base density fo(f) Z von Mises 7)

M (3), Tk,



wrapped Cauchy 771 (4) & L7z & £ ® Cauchy sine-skewed circular distributions {22 T Hifli
REM 703V X LD FHATW L. Cauchy sine-skewed von Mises(CaSSVM) 7345 @ pdf 1

1 1 1
f(6) =2 (2 + p arctan(\ sin 0)) ST eﬁcose’ (5)

T&» D, Cauchy sine-skewed wrapped Cauchy(CaSSWC) 737 @D pdf i%

1
p1 — cos

2 _
f(6) = veizl <; + %arctan(A sin 9)) (6)

™

TH%. 72720, k€ (0,00), p1 = (1 +p3)/(2p0) € (1,00), A € (—00,0) TH 3. FEmME LT,
A=0¢F 5L, ZNZN base density IZIFE T 223, (6) TIZEM 743V X A ORIZ BT
TB572DIT VRITX DT ZXDRETNTWVWDS

2 A simple EM algorithm for the Cauchy type distributions on

the circle

2.1 A reparametrization of the wrapped Cauchy distribution and its simple
EM algorithm

3, RD KD ICHERFEEREMZRI L TEL. five(0) & wrapped Cauchy 771D pdf & L,

ko(0) % % DEIEHS)
fwe(0) = (/7r kio(@)de) B ko(6)

—Tr

YF5. ZDEE ko(0) = (pr —cos(f — )"t ERD, pdf (4) D fire(6) 13

fwe(8) = ( | kow)de)_l L —

27 p1 —cos(f — p)

—T

YRETEZ. 22T, pe[-mmn), pr=(1+p3)/(2p0) € (1,00) TH 3. Abe (submitted) & [
RICL T, ee%Er

T -1 2
.0 = ([ kal@)an) exp (<20 ) = Y=L oxp {nion —cost0 - )} (D)

3%, SEREE (7) 1% Abe & Ley (2017) I3MERZEEREBICE VT, a=8=1,A =0 L%
DEEfETH 5. TREE (7)1 LT, B0 EUL R

0.(&) = —nlog(27m) + log Zym {p1 — cos(0; — )}

WEDEZBN2. 22T, 6= (u,p) THB. Zh&D, Whbw? QB Q& (W) = E[L.(£)|0 =
0] 1%

n

n p1 — cos(6; — )
Q(&: €M) = —nlog(2n) + = log(p? — 1) —
2 1 ; ng) — cos(6; — puk))




5. QB E p e p L TERZNWT T2 &, EFHROMIX
N(kH) ~ arg i cos 0; w Z sin 6;
i=1 ng) — cos(6; — u®) i=1 ng) — cos(; — uk)) ’

(k)\2
o VIHSRGO 0P e
2R <>,p§)>

Thzehs. 22T, Ri(p®, pM) ik

1 1
Ra(u®, o) = =37 5 (>0)

THb. £/,
po=pi—\/pi? —1 (m Jim pff ))
AR, (4) IXBF B pg D MLE 5654015
Remark. ZO#EE 7 LT Y X 2B TEE L D% k(0) = (1—pacos(§—p)) " (p2 € [0,1))
EUYRT AT A XL THAMKIZ wrapped Cauchy 73 % EM 7va V) X L DGz i %
5EZ235ZeMPTE%:

1 < cos(8; — pF+1)
Ry (H( ),P( )7M(k+1)) .
’ L Z 1— p§ cos(0; — u(h)
r3 5 e, utt p o gz

n n

(k+1) _ op cos 0; n sin 6;
1% g (Z (k) 2} 1— o) cos(6; — )

io1 L—py cos(0; —pM) 2

D) V1 + 4Ry (), ) 02 1
: 2Ry (10, pif?, i)
Thzeh%. o8 oIz BT u* D 235 558, wrapped Cauchy 23D EM 742 ) 2

LXK AHEEWCE L TIEREIIE TR, L2 L, ROBHIMETZIBE LD Y T X I 4 XL
wrapped Cauchy iz W2 &, EM 713 ) X ADRREIT S BICREENET 3.

2.2 EM algorithm for the circular ¢ distribution
ko(6;6) = (1—pcos(§ — )"t & L, ko(6;€,v) = ko(6;€)" = (1 — pcos(§ —p)) ™ & §5. ZC
T, (u,p,v)" € [—m,7) x [0,1) x (0,00) TH3. 2D E, © D marginal i3,
(1—p)”
27T2F1 ( % 1

2p

1—p

fo(0) = ( / m(&)d&)_l o(0) = )<1 — peos(d — )~

_—



WEbhGz2o6had., 22T, oF & Gauss hypergeometric function TH D,

o 1 B 1(1_ )Y -1
2Fl(a’ﬁ7’y’2)_B(B,’Y—ﬁ)/0 (I—Zt)a dt7 ’y>ﬂ>0

WX DEKR SN S (Gradshteyn & Ryzhik (2015), Eq. (9.111), p. 1014). 5E2%E%
1/1/

f(e,yo>—< /_de@sﬁw)de)_lexp( k(68

= (1_p)y €ex — P COS
_2wr(1+u)2F1(,§,1,—T) p (1= pcos(f — u))}

s R AN OR: -F - (E

1 2 “L1- 0; — 1)
PN B 1 p B pcos(0; — p
Q& EY)=—nlogT (1+v) nlog<2F1 (2,u,1 1+p>> V;l—p(k)cos(t%—,u(’“)).

—iIZ, v BBERHID & ETEZ, p B U TIXEENCETE T 2 LR WD, p 2Bl Uik Bflize 5
FREBZZeNTES: ZOQBEE pITBLTMY LT

n

%) cos 0; (%) gin 0,
(k+1) _ 1% COS 1% sin
H arg(;l—p()cos(e—u e Zl—p(k ) cos(6; — p(k))

PEOLND.
v =1D%E1E wrapped Cauchy 7 TH D, ZOHEE u & p ICOWTHMAEHRXIE SN
7o, v=208Eb p & plZOVWTHMZERRXDPELNS: v=20Dr %X, QB

L B pcos(0; — )
Q(&:€") = —nlog(2m) + nlog (1 QZl_p(k ) cos(6; — p®)

55, p LT T A LICkD,

1) _ V140 (pM)2 —1
g a 2C2(ph))

¥72B. 2T Co(p®) ik

2 o cos(f; — pkt)
T 3nie1- p*) cos(0; — pk))

TH5.
v>30r %, EHATHEMZIERA L 36T, BUEMCKRD 2 21225, £z, scale v 23K
Hor = BIRRBIITEROVOT, —RIVRBUENFEICES X5 21137R0.



3 Properties of the Cauchy sine-skewed circular distributions

3.1 DMarginal and conditional distributions

Abe (submitted) & FIBRIZ L T,

1 1
k 9,11) = , kj 07 —_
1(8:) 14 (w — Asin 6)? o(6:p) p1 — cosf

S

£(6,w, 91, o) (/_ﬂ/ k1(0,w)ko(6; p)dwd@) _leXp( kl(gél,w) B ko(%o;p))

p?—1 .
= ;2 exp {—yl (1 + (w — Asin 9)2> } exp {—yo (p1 —cosf)}

(eawaylvy()) € [_71-77[-) X [07 OO) X [0700) X [0700)
REXD. COYE ORI pdf i (6) TH . [FIRHT OEEMEE

H}

&L,

1 1 pr—1

s o] -1
£(0,w) = </_W/O kl(e,w)kzo(ﬁ;p)dwd0> k1(0, w)ko(6; p) = T 14 (1 — Asin) p1 — cos 0

THYH, %7,

£(6,90) </_ / 1(6, w)ko(6; p)dwd0> B /OOO k1(6, w)dw exp (ko(%);p))

/2 —
i ( — arctan()\ sin 9)) exp {—yo (p1 — cosh)}

T 2

TH5b. Zh&h,

-1
sy wolf) = ( (6, w)duko(6; p)> P <_ k1(glw) - ko?’ﬂ))
1

p1 — cost exp {—91 (1 + (w — Asin 9)2> —yo (p1 — cos 9)} )

1 1
— 4+ —arctan(Asin 8
2 + - arctan(\sin 6)

_ _f(0,w,y1,yo)_ * w)dw 7leX .
(FCw.nl6) =)o) = L) (70, wpaw) exp (<)

_1 ! exp{—yl <1+(w—)\sin9)2)}.
(1 1 .
( + — arctan(\ sin 0))
2
D, E-step i
Asin 6

1
EY1©=0]=—=
¥l ] 2+27r(1+/\gsin20)G()\sin9)’

E[Y0|® = 0] = ko(0; p),

1 1 1 o . 1 A
E[YIWG_H]_W%{2+2ASIDQG(9)}_27TG(ASH19)+ sin 6.

IS DHEFDOT, CaSSWC OHifiliZe EM 712 X 8% 525 Z e ik 2. FflicoOWT
WHHMET 5.
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