Definition of DCVF and DCF and literature:

Given vectors X € RP and Y € RY, the distance covariance (DCVF)
between X and Y w.r.t. a suitable measure p on RP1 is given by

Applications of Distance Correlation to Time T(X,Y;p) = / lex,y (s,t) — ox(s) oy (t)|* u(ds, dt), (1.1)
JRP+a

Series : FRE#DIHBIREIDBRERFIERT DB

where ch.f. of any r.v. Z € R® is denoted by @z (t) = E[e {®2)].

Muneya Matsui : ¥a$t 3248 Testing independence.
Székely et al. (2007) : p(ds,dt) = |s|~2|t|"2dsdt
KakenSympoOKanazawa : FFHY ¥ K@®R Székely and Rizzo (2014,2009) : pu(ds, dt) = cp q|s|~*P|t| "~ 9dsdt
with o € (0, 2). with this choice distance correlation (DCF)
1. Dec. /2018 T(X,Y;un)/(T(X, X;u)T(Y,Y;u))/? is invariant relative to scale

and orthogonal transformations.

Time series: Zhou (2012), Fokianos and Pitsillou (2016), and Hong
(1999), DMMPs : Davis, Matsui, Mikosch and Wan (2018).
Stochastic Processes: Matsui, Mikosch and Samorodnitsky (2017).
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Flow chart of my talk Definition of DCVF and DCF and literature:

1. Introduction: Classical measure of correlation:

g ?o.tl.vatmgfesér\T;Ele d DCF and li Kendall rank correlation coefficient
efinitions o an AL, lierature Spearman’s rank correlation coefficient

2. Theoretical results: can not detect all relations
Condition for existence & Examples (could be zero even when X and Y are not independent)
Theoretical results
Empirical DCVF for time series
Consistency & Weak Convergence
Testing serial dependence
ADCVF and ADCF of fitted residuals from AR(p) process

Test of independence: empirical dist. func.

KolmogorovSmirnov type test e.g. Bulm et al. (1961)
Cramérvon Mises type test (Hoeffding's test of independence)
low quality of the empirical dist. func. when dimensions are high
Gretton and Gyorfi (2010)

4. Numerical & Empirical Analysis
AR(10) Simulations
Data Examples

Equivalent to Hilbert-Schmidt Independence Criterion (HSIC)
related to data analysis using reproducing kernel Hilbert space (RKHS)
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Informative example: Amazon daily stock returns Condition for existence:
: A : U
E E Let (X’,Y”) be an independent copy of (X,Y), and let Y and Y be
! : o o I‘ I ! : oo ] M independent copies of Y which are also independent of
g T T [ [ T 7] T g (X,Y),(X’,Y'). We have
- e T(X, Y3 1)
! : _ E[ei(s,X—X')+i(t,Y—Y’) 1 ei(s:X—X") G iltY"—Y"")
sg T ENT E iT sg e N " X " "
s LLLCCCCT A PP ‘ — e HeBX—XNHitY —Y") _ o —i(s,X—X") —i(t,Y -V >]p(ds,dt).
E : 3!
Lo T Lo T T(X,Y;p) is not always well-defined...
) What is the condition for pu 7
Figure : ACF and ADCF of (X¢) from 05/16/1997 to 06/16/2004. Up left: ACF Lemmas 2.1 2.3 2.6 in DMMPs

of (X¢); Up right: ACF of (X2); Low left: ACF of (|X¢|); Low right: ADCF of
(X¢), the 5%, 50%, 95% confidence bounds of ADCF from randomly
permuting the data (mimic iid case).
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Examples : explicit cases
1. p has density w given by w(s,t) = cp q|s|7*7P[|t|7*7Y,
T = E[IX — X'|*|Y — Y'|°] + E[IX — X'|*] E[Y — Y"|]
—2E[|X — X'|*|Y —=Y"|?].

2. independent symmetric Z1 and Zs with multivariate 3-stable for some

B € (0,2]. joint ch f @z, z,(z,y) = e ~(=I*+WI?)
T =E[e —(IX—X'I’3+IY—Y'IB)] +Ele —|X—X'|B] Efe —|Y—Y'|B]
—2E[e —(IX—X'I”+IY—Y”I”)] .
3. sub-Gaussian a/2-stable random vectors with ch.f.

—log pz,,2,(z,y) = |(z,y) I(=, y)la/2
matrix of (x,y) € RPT9 for any € RP and y € R9. Then

T=E[(X -X,Y -Y')E(X - X",Y —Y")|*/?
+ [l(X _ XI, YII _ Y”I)IE (X _ XI, YII _ Ylll)la/2
—2(X - X, Y —Y")S (X - X",Y - Y")|*?].
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Empirical DCV for time series

empirical DCV for a stationary time series ((X¢, Yz)) with generic
element (X,Y) where X € RP and Y € R%:

' 2
TuX. Vi) = [ (@ (st = ok (o) o3 O u(ds.de),
JRpP+a
where the empirical ch.f. is given by
1 . .

Py (s:t) = — Y0y et Xt s n > 1, and

’ n
0% (s) = %,y (5,0) and o3 (s) = ¢% (0, 1).

Consistency Theorem 3.1 in DMMPs

, where 3 is the covariance

7/18

Testing serial dependence
cross-distance covariance function (CDCVF) of ((X¢, ¥z)) :

TXY (h) = T(Xo, Yuin), h€Z,
auto-distance covariance function (ADCVF) of (X) :
X (p) — X, X
T, (h) =T, " (h), heZ.
The empirical versions T,{f and T,f’y are defined correspondingly. e.g.
replace ¢ y(s,t) in the definition of Tp (X, Y'; ) by

1 n—h ) )
oy (s:) = L3 eHEXIHON >,
j=1

Corresponding correlation func. (CDCF) and (ADCF) respectively ;

T,V (h) T, (h)
RYY(h) = —2—=—— and R} (h)= T‘;( R
X Y
VTX(0)TY (0) i (0)
Consistency and weak convergence are also proven.
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ADCVF and ADCEF of fitted residuals from AR(p) process

p
AR(p) : X = Xtk +Ze, t=0,%1,...,
k=1
where (Z;) is an iid with E[| Z|*] < oo, kK > 0 and if K > 1 mean 0.
write AR(p): Zy = Xy — ¢T Xy—1, where ¢ = (¢1,---,Pp)T. p > 1
and Xt = (Xt, cee ,Xt_p+1)T.

Vi (- ¢) 3 Q~ N(0,0°T;0), (3.2)

where Trnp =3 Tp = (vx(j — k), 4<p The residuals

Consider a stationary ergodic time series ((Xj,Y;))j=1,2,... with values

~ ~T ~\T
) ) - W Zi=Xy— ¢ Xy1=(p—¢) Xem1+ 2, t=p+1,...,n(33)
in RP*4 and assume one of the existence conditions are satisfied. Then

Z — [ 1CZ(s. )12 u(ds
T,(X,Y;p) 23 T(X,Y;p) as n — oo. ﬂwt(h)_/ﬁcn(“"t” w(ds, dt),

where Cf(s,t) = Lprzl,irh(s’ t) — LP%(S)‘P%Jrh(t) .
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Weak convergence of T, Weak convergence of TZ“(h)

Assume that ((X, Y;)) is a strictly stationary with values in RPT4 Consider a causal AR(p) process with iid noise (Z;). Assume

(ap) : a-mixing with rate satisfies >, a,l/r < oo for some r > 1.
u=2r/(r—1), X =(XM,...,X®) v =(®,.. . v®)
Assume that X and Y are independent and for some a € (u/2,u],
€ € [0,1/2) and & < min(2, ), the following hold:

Az(lA|s|2)(1A|t|2)u(ds, dt)+(s2+t2)1(|s|Alt] > 1)u(ds, dt) < co.

If 02 = Var(Z) < oo (omit infinite variance case), then

1Gr + &nll2,

P q
E[X|*+ |[Y]*] < oo, E[J]IXP?] <o, E[[]IY?]?] < oo, =
T7(0)

=1 =1

9

_ 4 _ J
nTZ,(h) = |Gr +&hll2 and nRZ (h) >

/A 1A \s\“l(1+()/“)(1 A \t\“'“*()/“) p(ds, dt) < oo. Wher.e (Gh, €p) are jointly Gaussian limit random fields on R2.
JRp+a The idea of PF:
Then = =
72, (h) = [ 1CZ (s, ) (s, o),

) |
T i) S NGIE = [ 160 u(ds,di),
JRP+4a _ ~

Vi (CZ,CZ —CZ) % (Gh,n), v CZ S Gh + €.

where G is a complex-valued mean-zero Gaussian process. The original Székely's measures do not fit...
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AR simulations 1
Indep. rep. of a AR(10) time series (X¢)¢=1,...,1000 With Z; ~ N (0, 1).
p = p1 X po, where p; ~ N(0,0.5). Approximate the limit
distribution [|Gp, + €nl|% / TZ(0) of n RZ,(h).

ADCF

iy —
Aoce
0000 0002 0004 0005

0000 0.005 0010 0015

T T
1234567891 12 1 1 18 2 5 10 15 20

lag lag

Figure : Left: Box-plots from 1000 independent replications. Right: 5%, 50%,
95% empirical quantiles of an#(h) based on simulated residuals, on
resampled residuals and on iid noise.

The asymptotic variance of the ADCF of the residuals is smaller than that
of iid noise at initial lags, and gradually increases. Similar to that of ACF
Ch.9.4 of B&D. Parametric bootstrap provides a good approximation.
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AR simulations 2
AR(10) with ¢1.5. Left: box-plots of Rgﬂ(h). Right: quantiles of
nRZ (k) and n RZ ,(h), both % |G |12 / TZ(0). The quantiles of
IGRIIZ / TZ(0) can be approximated naively by bootstrapping the fitted
residuals (Z;). p = p1 X pa, with each p; ~ N(0,0.5).
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Figure : Distribution of nRZ”(h) for residuals of AR process with ¢1.5
innovations. Left: lag-wise box-plots. Right panel: empirical 5%, 50%, 95%
quantiles from simulated residuals, from resampled residuals and from iid noise.

The agreement is reasonably good.
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AR simulations 3

Example illustrating the limitation of using the measure by Székely et al.
with Z; ~the symmetric G(.2, .5).
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Figure : Distribution of nRZ”(h) n = 1000 for residuals of AR process with a

symmetric Gamma(0.2,0.5) noise. Left: box-plots from 500 indep. rep. Right:
empirical 5%, 50%, 95% quantiles from simulated residuals and from iid noise.

first 10 lags are spread out compared to those at lags greater than 10.
This illustrates the problem with using the Székely's measure as a weight
function applied to the residuals.
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Wind Speed Data
Wind speeds at Kilkenny's synoptic meteorological station in Ireland.

Serles wind Series wind.res
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Figure : ACF and ADCF, and AR(9) fitted residuals, ACF of the series, the
residuals and the residual squares. The 5%, 50%, 95% confidence bounds of
ADCEF for fitted residuals from 1000 parametric bootstraps.
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Wind Speed Data
some doubt on the validity of an AR(9) model with iid noise for this data.
= consider a GARCH(1,1) model applied to the residuals

Series wind.res.garch
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Figure : ADCF of the residuals of Kilkenny wind speed time series from
AR(9)-GARCH fitting and the 5%, 50%, 95% confidence bounds of ADCF for

iid noise from 1000 random permutations.

a periodic AR model, which allows for periodicity in both the AR
parameters and white noise variance might be a more desirable model.
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