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1 Introduction

Recently in Japan, it is promoted that "from savings to investment” in individual asset management. 401K pension plan
and Nippon individual savings account (NISA) go with the stream. There are two kinds of pension plans, one is defined
contribution pension plan (DCP) and the other is defined benefit pension (DBP). We focus our attention to the former, and
it is a type of pension plan which both employee and employer make contribution pay with fixed percentage of salary.
The percentage is determined depending on the state of individual pension plan, and pension members receive the size of
accumulation investment earnings at the retirement age. Hieudtly is that pension members cannot know how much the
retirement benefit is. Consequently DCP requires more precise and careful asset management than DBP.

Then the purpose of this research work is to derive the optimal investment plan to hedge risks and maximize the total
wealth. The target of investments are domestic and foreign stocks, domestic and foreign bonds, Real Estate Investment Trust
(REIT), insurance, trust, fund, and other financial products. We consider the problem where pension members invest in
financial products including stocks and index bonds. On the assumption that pension members are not day-trader and their
portfolios are rebalanced once a week at most, we derive a theoretical result of the optimal investment plan with numerical
examples.

2 Theory of the optimal investment problem
2.1 Basic definition for optimal investment problem
Throughout the following discussion, we assume that the market is arbitrage-free and completee [&fT] be

continuous time variable provided that 0 is the starting time of DC plan, arid= T is the terminal time of the pension.
Then we define the stochastic price level as
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where the constaitis the expected rate of inflation al#(t) is a Brownian Motion. The volatility of the price level igyo.
Suppose that the market consists of a risk-free bond (in the market money account), an index bond (or financial instrument
like fund), and stocks (or other financial instruments), and they have the following properties:.

1) The price of risk-free an bond(in the market money account) with (constant) risk-fréeisate
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2) The price process of index bond(or fund) with real retusatisfies
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3) The price process afstocks (or other financial instruments) are given by
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whereu is the expected of return vector on the stocks (or other financial instrumEnssyplatility matrix of stocks
(or other financial instruments), afdr (t) is Brownian motion vector with 1L W; (k# j, k, j =0,1,2,...,n).

Let us assume thaty # 0 and set the volatility matrix
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Moreover, define the salary process of the pension plan member by
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wherey is the expected growth rate of salay, is the volatility of salary, and both are constant. As is observed in (1), the
salary is linked with the expected rate of inflation in the long term. The salary prd€8ssan be solved by using Ito’s
Lemma as follows.

Y(t) = yexp{(K - %I|0’y||2)t + O'\T(W(t)}
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Suppose that a DC pension member contributes to an index borlkands of financial products such as stocks or funds
with the fixed contribute rate (> 0). Then the portfolio weight processt) is assumed to be

mo(t)
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The first elemeniry(t) corresponds to the index bond, and (), 72(t), ..., mn(t)) the n kinds of financial products. The
member invests share of-1),! ; x; in the risk-free bond. Hence we define the wealth pro2€¢yg with an initial value of

X (0 < X < o) in the following manner.
dX7(t) = X"(t) [Rdt+ 27 (t)o (dt + dW(B)| + cY(t)dt 2)

wherecY(t) is the amount of money contributed to the index bond and the financial products dt thesuming that the
contribution is made continuously aivdt) > O for all t, we set the stochastic discount fackb(t) by

H(t) = exp{—Rt— %||9||2t - HTW(t)}
which adjusts for the nominal interest rate and the market price of risk. The following definition is quoted from [2]

Definition 1 A portfolio vectorr(t) is said to be admissible if the corresponding wealth procégt) ¥ (2) satisfies

T H(9)
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where{F (t)}; denotes the Brownian filtration ari4 denotes the conditional expectation givgit) underP. We call the

term
T H()
E; [jt‘ H—(t)CY(S)dS]

Let Ay(X) be the class of all admissible portfolio process with an initial vadwé X*(t), and the utility function of the
CRRA (Constant Relative Risk Aversion) be the form

X7 (t) + By

the human capital.

Vand
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Then, as is discussed in [3], the representative pension plan member wishes to maximize the expected utility from the
terminal value of the pension fund given an initial investment sf0, that is

u2 =

®3)

max E [u(X"(T)] (4)
neA(X)
subject to
dX*(t) = X"(t)[Rdt+xT(t)or (6dt+ AW(D)| + cY(t)dt (5)
X"0) = X (6)
where

AX) = [ € Ay(X) : B [u(X(T))] < oo}
u™() = max{-u(), 0}
The problem stated in (4)-(6) is the classical terminal wealth optimization problem which expects that there is an additional

termcY(t)dt in the stochastic dierential equation for the wealth process. Our final aim is to derive the optimal portfolio
weight procesz(t) as the solution to the optimization problem.



2.2 Modeling for optimal investment problem

We consider the plan member’s future contribution. For that purpose, define the present value of expected future contribution
process by

-
D(t) = E; [ j; %cY(s)ds] @)

then (7) is rewritten as c
D(t) = 7 (exp{B(T - 1)} - 1) Y(t) 8

fort € [0, T] with
B=k-R—-0os

The derivation from (7) to (8) is given in Appendix A. The representation (8) yields the stochdkrediial equation (see
Appendix B for the derivation).

dD(t) = D(t) [(R+ osfo) dt + o3 dW(1)| - cY(t)alt 9)
Add (5) and (9) to cancel out the tertiY(t), then we obtain the total wealth process
V(t) = X"(t) + D(t) (10)

It follows from (5), (9) and (10) that

dVv(t) dX*(t) + dD(t)
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= V() [Rdt+ X OO0 + DOy oy dW(t))] (11)
V(t)
where the equality-sfp = oy 0 has been used in (11). We note that
V() = X"(0)+D(0)=x+d (12)
V(T) = XY(T)+D(T)=X"(T) (13)

hold.
We consider also that theftirential discounted process of the total wealth. By Ito product rule

d(H(®)V(t)) H@®)dV(t) + V{O)dH(t) + dV(t)dH(t)
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The stochastic dlierential equation (11) with (12) and (13) shows that the classical terminal wealth optimization problem
of (4)-(6) is equivalent to maximizB [u(V(T))] over a class of admissible portfolio processés3.



2.3 Theoretical optimal investment solution

In view of the observation in the previous subsection, we restate the classical terminal wealth optimization problem (4)-(6)
in terms ofV/(t).

max E [u(X*(T))] = max E[u(V(T))] (15)
TEA(X) neA(x+d)

X*()x " (t)o + D(t)oy,
V(t)

dVv(t) = V(t) |Rdt+ (6dt + dW(t)) (16)

where
V() = X*(t) + D(t) >0 forallte[0,T]
Ar(x+d) = {nre A(x+d): E[u (V(T))] < o} a7)

andA(x + d) is the class of admissible portfolio process with an initial vatued. Thus the problem (4)-(6) is replaced by
(16)-(17).
Let the superscribe’) be the corresponding optimal process hereafter, then the optimal wealth process is given by

wm=ﬁ%&wwmﬂ

with
B' = () "(AH(T)

whereJ is the Lagrangian multiplier to be determined by the constraint
E[H(T)B'] =x+d
For the choice of the CRRA utility in particular, we have

(HTM)™

B* = (x+ d)E[H(T))Ul]

and the corresponding optimal total wealth process has the form
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and set a deterministic function
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Then we obtain
HO)T = LMz (21)
and (18) becomes
V() = e 200 22)
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The representation (22) yields that
d(H({)V*(t) = H(t)V*(t)%GTdW(t)

(23)

The proof of the equality (23) is described in Appendix C. Den&fg*(= X* for simplicity, then it follows from (14) that

X*(t)oTn*(t) + D(t)oy
V(D) )

d(H(@)V*(t)) = HE)V* (1) o7 ' dW(t)

Comparing (23) with (24), we have

1- Yor _ X*(t)oT7*(t) + D(t)oy B

= o7
Y VE(t)

Therefore solving for*(t) gives

e L -1 VEQ) (Tt D(t)
7 (t) = ;(0’ ) QX*(t) (0' ) O-YX*(I)
SinceX*(t) = V*(t) - D(t),

D(t)

w1/ -l 11
71'('()-;(0') 9+(O’) (;Q—O'Y)m

which is the optimal weight process of our aim.

3 Numerical work

A result of basic numerical works will be presented on the day.

Appendices
Appendix A
o D(t) = E; MT :L(ts))cv(s)da T(t)] = CY(t) E MT %%dSI T(t)]
we computeﬂL(tS)) and%. Each term is rewritten as

o = ew{ R0 - 109 - 6 (w9 - i)

T = exp{uts - JloviE(s- 0+ o (9 - W)}
respectively. By applying the proper%%, % L F(M)fors>t,

D) = cY()g(L T)

where

T-t
g(t,T):]E[fO H(s)%ds

Computing the integrand of (26), we have

(24)

(25)

(26)



Y(s)

Oy = exp{(K—R)s}exp{(o-v—e)T W(S)—%(IIHIIZHIUYIIZ) s}

1
exp{Bs} exp{(av —6)"W(s) - 5 (lry - 617) s}

so hence
E [H(s)%] = E[exp{8s}] E [exp{(ay —6)" W(s) - % (llory — 11%) S}] (27)
WhenO<t<s,
E [exp{(O'Y -6)TW(s) - % (llery - 61P%) s} | ?(t)]
= exp{(cry — )T W(t) - % (o - 61) s}E |exp{(oy - O)T (W(s) - WD} | F (V)]
We can write

E [exp{(ery — 6) (W(S) - W)} | 7(1)] = E [exp{(ov — 6)T (W(s) - W(H)]
Recall thatW(t) — W(s) ~ N(0,t — s), then the moment generating function of normal distribution implies
E[expl(ory - 0" (9 - W] | = exp{ (1 - ) ¢ - 9}
Therefore

E

exp{ (o = 07 W) - 5 (I - ) 10| = exp{ Gy = 7 WD - 5 1 - ) 1)

which shows that the process

{erpftov -0 wis - 3 (1o - aP) s}

forms an exponential martingale. Then

1
E [exp{Bs}] E [exp{(av —6)"W(s) - 5 (llory - a1?) SH = exp{Bs} (28)
By combining (25), (26), (27), and (28), together with the application of Fubini’'s theorem,

Y(9)

T-t c
D(t) = cY(t) fo E[H(S)W] ds= l_i' (exp{B(T =)} — 1) Y(t)

whichis 8).

Appendix B

Noting that

dD(t)

dgmeU—m—nwﬂ
= l—z(eXp{ﬂ (Tt} - DY) + gv(t)d (explB (T - )} - 1) (29)

we have only to computeY(t). Put



I(t) = (K - %Ilfryllz)t + oy W(t)

then, according to Ito-Doeblin formula,

di(t) = (K - %naynz) dt + oy dW(t)
di)dI(t) = lloyldt

By setting the functiorf (X) = exp{x} moreover, the application of Ito-Doeblin formula yields

dv(o)

df(I(t)
(1t)dI(t) + %f”(x)(l ()dI®)dI(t)
Y(t) (kdt + oy dW(1)) (30)

Combining (29) and (30), we obtain
dD(t) = % (explB(T - t)} - ) cY(t) {(k - B)dt + o3 dW(D)} - cY(t)dt
As a consequence, usifg= k — R— o6 ensures

dD(t) = D(t) [(R+ osfo) dt + oy dW(t)| - cY(t)dlt O

Appendix C
According to Ito product rule,

d(H(t)V*(t)) = H(E)dV*(t) + V*(t)dH(t) + dH(t)dV*(t) (31)

Let us write

Ha(t) = Hi(t) = exp{—(—Rt— %||9||2t - OTW(t))} (32)

thenV*(t) is rewritten as
Vi) = (x+ d)Ha(t)Za(t)

Hence Ito product rule yields

dvi(t) (x + d)d(Ha()Za (1))

(x+ d) {H1()dZy(t) + Zo()dHa (1) + dH1(t)dZi (1)} (33)

The first thing, we considatH; (t). Put
1
J(t) = -Rt- E||e||2t - 9TW(1)

then



Ha(t) = g(J(1))
with g(x) = e * and
dJ(t) = -Rdt- %||0||2dt— 6T dW(t)
dJ(t)dJ(t) = |6l%dt

Sinceg'(x) = —e *andg”’(x) = €7,

dHa(t)

g'(I(t)dIt) + %9"(J(t))dJ(t)d (1)
Hy(t) (Rdt+ [|6]7dt + 6T dW(t)) (34)

by Ito-Doeblin formula.
We calculatedZ; (t) next. SinceZy(t) has the form

2
2,0 = exp{ﬂeTW(t) - (1‘—7) ||e||2t} (35)
Y 2\ vy
When we put
h(x) = &

2
Km={llzwwm—3(513|mﬁ}
Y 2\ vy

similar argument to the cas (t) derives

dzi(t) = zl(t)¥erW(t) (36)
Thus it follows from (32), (33), (34), (35), and (36) that

dvi(t) = (x+d) {Hl(t)Zl(t)%erW(t) + H()Za(t) (Rdt+ [l0]Pdt + 67 dW(D)) + H1(t)Zl(t)¥||9||2dt}
= V(1) (Rdt+ %GTdW(t) + %H@szt)
Therefore
dHOVA() = HEOV(Y) (Rdt+ %QTdW(t) + %lle”zdt) — HOV* () (Rdt+ 67 dW(1))
~H(®V" (1) (Rdt+ 67 dW(1)) (Rdt+ %erW(t) + %||9||2dt)
= H(t)V*(t)%HTdW(t)
by (31). [
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